In this note we examine the number of integer lattice paths consisting of up-steps (1, 1) and down-steps (1, −1) that do not touch the lines y = m and y = −k, and in particular Theorem 3.2 in [P. Mladenović, Combinatorics, Mathematical Society of Serbia, Belgrade, 2001]. The theorem is shown to be incorrect for n m + k + min(m, k), and using similar combinatorial technique we proved the upper and lower bound for the number of such restricted Dyck paths. In conclusion, we present some relations between the Chebyshev polynomials of the second kind and generating function for the number of restricted Dyck paths, and connections with the spectral moments of graphs and the Estrada index.
Introduction
A Dyck path is a lattice path in the plane integer lattice Z 2 consisting of up-steps (1, 1) and down-steps (1, −1), which never passes below the x-axis (but may touch). The number of Dyck paths from (0, 0) to (2n, 0) is given by the Catalan number
The Catalan numbers arise in many combinatorial problems -see Stanley [21] for several combinatorial interpretations of these numbers, and see [20] for matrix approach. These numbers also satisfy the recurrence relation C 0 = 1 and
Let π = π 1 π 2 . . . π n be a permutation of numbers {1, 2, . . . , n} and σ = σ 1 σ 2 . . . σ k be a permutation of {1, 2, . . . , k}, k n. We say that the permutation π contains the pattern σ, if there are indices 1 i 1 < i 2 < · · · < i k n such that π i 1 π i 2 . . . π i k is in the same relative order as σ 1 σ 2 . . . σ k . Otherwise, π avoids the pattern σ and we say that π is σ-avoiding. For example, the permutation 598376412 avoids 123 and contains 1432 exactly twice. There is a bijection between 132-avoiding permutations of {1, 2, . . . , n} and Dyck paths from (0, 0) to (2n, 0) (see [11, 12, 15] for various results concerning permutations with restricted patterns and Dyck paths).
There are many modifications and generalizations of Dyck paths. In production quality control, we are often faced with problems to count the number of variations of elements 0 and 1 of length n in which before every zero, there are at least k times more ones than zeros. In this paper, we will consider restricted Dyck paths that do not touch the lines y = m and y = −k for some m, k > 0. Mladenović in [13] counted the number of such paths and proved the following
The number of integer lattice paths from (0, 0) to (2n, 0) that do not touch lines y = m and y = −k is equal to
We will show in Section 2 using combinatorial methods that this theorem is not true. Furthermore, the restriction of Theorem 1 when k = 0 is itself difficult problem and the number of such paths does not have closed formula. We implemented a dynamic programming algorithm for counting such paths and compare correct and proposed values for the number of restricted Dyck paths that do not touch the lines y = m and y = −k for different values of n. In Section 3 we show that the proposed number of paths is actually an upper bound, while in Section 4 we prove a similar lower bound with equality if and only if n < 2(m + k). In Section 4 we present some relations between the Chebyshev polynomials of the second kind and generating function of the number of restricted Dyck paths, and connections with spectral moments of graphs and the Estrada index.
Dynamic programming approach
There is an obvious bijection between the restricted Dyck paths from (0, 0) to (2n, 0) that do not touch the lines y = m and y = −k, and the closed walks of length 2n starting from the fixed vertex v k in the path Table 1 and Figure 1 .
Path length Correct number
Proposed number Difference 
An upper bound on restricted Dyck paths
We will show that the original proof of Theorem 1 from [13] is incorrect.
Let S be the set of integer lattice paths in Z 2 consisting of up-steps (1, 1) and down-steps (1, −1), from (0, 0) to (2n, 0). It is well known that the number of such lattice paths equals
Let S 1 be the set of integer lattice paths from S that touch the line y = m, and S 2 be the set of integer lattice paths from S that touch the line y = −k.
The number of integer lattice paths that touch the line y = −k can be calculated as follows: consider the first time when a lattice path t from the origin (0, 0) to (2n, 0) touches the line y = −k. Denote this point as P . The part of path t from the origin to the point P is reflected with respect to the line y = −k. This way we established a bijection from the set of all paths that cross the line y = −k and to the set of all lattice paths from the new origin (0, −2k) to (2n, 0), or equivalently
Analogously, we get
The bad lattice paths are those that belong to both S 1 and S 2 . For every such lattice path t, denote by x 1 (t) the lattice point that belongs to the line y = m with the minimal x coordinate -the first time when the path t touches the line y = m. In the same way, denote by x 2 (t) the lattice point that belongs to the line y = −k with the minimal x coordinate -the first time when the path t touches the line y = −k. Let T 1 be the set of bad lattice paths for which holds x 1 (t) < x 2 (t) and T 2 the set of bad paths with x 1 (t) > x 2 (t).
We will use a slightly modified counting argument than the one described in [13] . Namely, for a path t ∈ T 1 , let t 1 be the first part with the origin (0, 0) and the end (x 1 (t), m), t 2 the second part with the origin (x 1 (t), m) and the end (x 2 (t), −k), and t 3 the third part with the origin (x 2 (t), −k) and the end (2n, 0). We will construct the corresponding path t as follows. Let t 3 be the reflected third part with respect to the line y = −k, and t 2 ∪ t 3 be the reflected parts t 2 ∪ t 3 with the respect to the line y = m. Finally, we get t = t 1 ∪ t 2 ∪ t 3 and the origin of the corresponding path t is (0, 0) and the end (2n, 2m + 2k). This is not a bijection, as the author in [13] pointed out. Namely, for 2n 2(m + k) + 2k, there are paths from (0, 0) to (2n, 2m+2k) that after reconstruction do not touch the line y = m before touching y = −k. One counterexample is presented in Figure 2 . Therefore, we have
with equality if and only if n < m + 2k. Analogously, we can establish an injection between paths from T 2 and paths from (0, 0) to (2n, −2k − 2m). Using the inclusion-exclusion argument, it follows
Therefore, we proved the following upper bound 
with equality if and only if n < m + k + min(m, k).
A lower bound on restricted Dyck paths
By using a similar method as in Section 3, we can derive a lower bound for the number of restricted Dyck paths. According to the inclusion-exclusion formula, we have to subtract the number of integer lattice paths from (0, 0) to (2n, 2m + 2k) that touch the line y = −k before the line y = m. After reflection with respect to the line y = −k, this is equivalent as counting the number of lattice paths from (0, 0) to (2n, 2m + 4k), which is equal to This way we subtracted all paths that after intersection (x k , −k) with y = −k have at least one intersection with both lines. The bad paths in this case are those that touch the line y = m at x coordinate that is less than x k , or in other words x m < x k . The first time this can happen is exactly when a path touches the lines y = m and y = −k twice, or equivalently when n = 2(m + k). 
with equality if and only if n < 2(m + k).
Spectral moments and generating functions
Let G be a simple connected graph on n vertices. A walk of length k in G is any sequence of vertices and edges of G,
such that e i is the edge joining w i−1 and w i for every i = 1, 2, . . . , k. The walk is closed if w 0 = w k . The spectrum of G consists of the eigenvalues λ 1 λ 2 · · · λ n of its adjacency matrix A(G). Let M k denotes the k-th spectral moment of the graph G,
For every k 0, the number M k (G) represents the number of closed walks of length k (see [1] ). It is well-known that for every graph holds M 1 = 0 and M 2 = 2m. For the third moment we have M 3 = 6t, where t is the number of triangles in the graph G.
Let M k (n, i) be the number of closed walks of length k starting from the vertex v i in the path P n = v 0 v 1 v 2 . . . v n . By simple parity argument, we have identity M 2k+1 (n, i) = 0 for 0 i n; and by symmetry, we have
Recall that the sequence of numbers c 1 , c 2 , . . . , c k is unimodal if there exists no indices 1 p < q < r k such that c p > c q < c r . The authors in [10] proved the following
.
For sufficiently large k, strict inequalities hold.
These are main tools for analyzing the novel graph invariant, called Estrada index, defined as
In the last ten years, the Estrada index found applications in measuring the degree of protein folding [3] , the centrality of complex networks (such as neural, social, metabolic, protein-protein interaction networks, and the World Wide Web) [6] , and it was also proposed as a measure of molecular branching, accounting the effects of all atoms in the molecule, giving higher weight to the nearest neighbors [4] . Deng [2] and Ilić and Stevanović [10] proved the following conjecture from [16] :
Theorem 5. For any tree T on n vertices it holds
with the left equality if and only if T ∼ = S n and with the right equality if and only if T ∼ = P n , where S n and P n denote the star and the path on n vertices, respectively.
From the Taylor expansion of e x , the Estrada index and the spectral moments of G are related by
The Chebyshev polynomials of first and second kinds T k (x) and U k (x) are defined implicitly as cos kθ = T k (cosθ) and sin(k + 1)θ/ sin θ = U k (cosθ). These polynomials occur in diverse areas (see Rivlin [17] ), but their application in combinatorics and lattice path counting is less well known. For this purpose, it is convenient to define modified Chebyshev polynomials by
In [9] Gutman and Graovac estimated the Estrada index of a path P n and proved that EE(P n ) ≈ (n + 1)I 0 − cosh 2,
27958530. In [8] the authors point out certain classes of graphs whose characteristic polynomials are closely connected to the Chebyshev polynomials of the second kind. The precision of these approximations is remarkably good.
For the restricted Dyck paths with k = 0, we get the sequence A080934 from the On-Line Encyclopedia of Integer Sequences [19] . This simpler sequence can be represented as m-th coefficient in expansion of the rational function R(n), where R(1) = 1 and
The generating function for the number of restricted Dyck paths from (0, 0) to (2n, 0) that do not touch the line y = m and do not pass below the line y = 0 is given by [7, 14, 18] 
. This can be proven by a recurrent formula for the Chebyshev polynomials of the second kind U k+1 (x) = U k (x) − x 2 U k−1 . Using the first return decompositions of the paths from Section 3, we obtain that the generating function for the number of Dyck paths consisting of up-steps and down-steps that do not touch the lines y = m and y = −k is expressed in terms of Chebyshev polynomials by
This generating function can be used for establishing further properties of restricted Dyck paths. However, we focused our research on combinatorial approach and it is hard to derive upper and lower bounds from Theorem 2 and Theorem 3 using analytic methods. 
